We show that massive low energy particles traversing a branching zone or a crossing of quantum waveguides may experience a non standard trapping force that cannot be derived from a potential. For interacting cold Bose atoms we report on the formation of a localised Hartree ground state for three prototype waveguide geometries with broken translational symmetry: a cranked L-shaped waveguide L, a T -shaped waveguide T , and the crossing C of two quantum waveguides. The phenomenon is kinetic energy driven and cannot be described within the Thomas-Fermi approximation. Depending on the ratio κ (Γ) of joining lateral tube diameters of the respective waveguides Γ ∈ {C, L, T } delocalisation commences when the particle number N approaches a critical value N (Γ) c . For the case of a binary mixture of two different Bose atom species A and B we observe non standard trapping of both atom species for subcritical particle numbers. A sudden demixing quantum transition takes place as the total particle number N = NA + NB is increased at fixed mixing ratio NA/NB. Depending on the mass ratio mA/mB the heavier atom species delocalises first for a wide range of interaction parameters. The numerical calculations are based on a splitting scheme involving an analytic approximation to the short time asymptotics of the imaginary time quantum propagator of a single particle obeying to Dirichlet boundary conditions at the walls inside the respective waveguides.
(Dated: May 11, 2014) We show that massive low energy particles traversing a branching zone or a crossing of quantum waveguides may experience a non standard trapping force that cannot be derived from a potential. For interacting cold Bose atoms we report on the formation of a localised Hartree ground state for three prototype waveguide geometries with broken translational symmetry: a cranked L-shaped waveguide L, a T -shaped waveguide T , and the crossing C of two quantum waveguides. The phenomenon is kinetic energy driven and cannot be described within the Thomas-Fermi approximation. Depending on the ratio κ (Γ) of joining lateral tube diameters of the respective waveguides Γ ∈ {C, L, T } delocalisation commences when the particle number N approaches a critical value N (Γ) c . For the case of a binary mixture of two different Bose atom species A and B we observe non standard trapping of both atom species for subcritical particle numbers. A sudden demixing quantum transition takes place as the total particle number N = NA + NB is increased at fixed mixing ratio NA/NB. Depending on the mass ratio mA/mB the heavier atom species delocalises first for a wide range of interaction parameters. The numerical calculations are based on a splitting scheme involving an analytic approximation to the short time asymptotics of the imaginary time quantum propagator of a single particle obeying to Dirichlet boundary conditions at the walls inside the respective waveguides. Elementary quantum mechanics predicts, that the dispersion relation E p = p 2 2m of a massive particle in free space is modified, when the particle is moving slowly inside a hollow micron-sized capillary tube with a transverse size w comparable to the thermal de Broglie wavelength λ th of that particle. This is because boundary conditions at the hard walls of such a tube eliminate an infinite number of solutions to the Schrödinger equation in free space, and the ones remaining are the guided matter waves. In full analogy to T E-and T M -modes used for transmitting electromagnetic signals along waveguides, also matter waves propagating along the axis of a hollow tube sustain a discrete set of guided modes. For example, guided waves of ultracold neutrons have been observed in metallic thin film waveguides [1] , [2] .
More recently guided matter wave experiments with cold atoms, using various optical techniques for atom confinement in hollow-core dielectric fibers, have been carried out successfully by several groups [3] , [4] , [5] , [6] , [7] , [8] . Also the trapping and guiding of atoms in the evanescent light field surrounding a thin subwavelengthdiameter fiber [9] , [10] has been observed recently [11] , [12] . A new type of atomic-cladding waveguide with a dimension on the sub-micro-meter scale [13] opens further new possibilities for experiments with guided atoms. * corresponding author: nils.schopohl@uni-tuebingen. de Also cylindrically blue-tuned dark hollow light beams are capable to transport atoms along their dark core [14] , [15] .
With the emergence of guided matter wave experiments the question then arises, what happens if ultra cold particles were carried along curved waveguides, or were transported across the branching zone or the crossing of two waveguides.
Theoretical studies of the motion of particles confined in branching planar stripes [16] or curved quantum wires have been the subject of intense theoretical research already for many years [17] , [18] , [19] , [20] , [21] , [22] , [23] , [24] . It is well known, that inside an infinitely extended straight waveguide the propagation of a stationary mode along the tube axis is enabled only if the energy E of that mode is above a certain excitation threshold ε xt > 0, the precise value of ε xt depending on the geometric shape of the cross section of that waveguide. However, as was shown by Goldstone and Jaffe [25] , even a slight deviation from being exactly straight may then give rise to the formation of localised states, i.e. there exist stationary eigenstates of the kinetic energy Hamiltonian with an eigenvalue E 0 below the excitation threshold ε xt . Localised states also exist at a crossing of two waveguides [16] . Since such bound states originate from effects of interference, they are absent within a classical point mechanics approach. The trapping force confining the particles by this mechanism is non standard and cannot be derived from a potential. It is based on the rapid variation of kinetic energy of a quantum particle that traverses a crossing or branching region of otherwise translational arXiv:1309.3205v2 [cond-mat.quant-gas] 6 Dec 2013 invariant waveguides.
A long hollow tube with hard walls and constant crosssection along the tube axis will be referred to as a quantum waveguide (QW), if the thermal de Broglie wavelength λ th of a particle moving inside is comparable to the transversal size w of the tubes forming that QW. We consider in the following three prototypes of QW geometries with broken translational symmetry. The first consists of two intersecting orthogonal tubes with rectangular cross-section, comprising four arms A 1 ,...,A 4 and a central zone A 0 , altogether forming an open threedimensional waveguide geometry in the guise of a swiss cross C with boundary surface ∂C as displayed schematically in Fig.1 . The second, in the following referred to as L, consists of a cranked tube that is L-shaped, the third, in the following referred to as T , consists of a T -shaped branching joining three tubes, see Fig.1 .
It appears then natural to ask if a QW with a bulge or bent like L, or with a branching like T , or a crossing of two waveguides like C, could be used as a particle trap for ultra cold particles. With a repulsive interaction present, the number of Bose particles that may occupy these bound states is limited to a critical maximum value N c [26] .
In the ensuing discussion we investigate localised ground states of interacting cold Bose atoms inside the waveguides Γ ∈ {C, L, T } for various cross section areas and various particle numbers N . We determine the critical number N (Γ) c of particles that can be trapped around the respective crossing or branching regions. We show for cold Bose atoms confined in such non classical traps that their kinetic energy is not negligible (even for huge particle numbers), and that the Thomas-Fermi approximation does not apply, a characteristic difference to the well known BEC-atom traps with a parabolic potential.
Restricting to a mean field description of ultracold interacting Bose atoms with mass m we are interested in the Hartree ground state Ψ (Γ) G (r 1 , r 2 , ..., r N ) = ψ (Γ) (r 1 )ψ (Γ) (r 2 ) · ·ψ (Γ) (r N ) (1) that forms inside the respective QW's subject to the constraint
The task is then to find the optimal one-particle orbital ψ (Γ) (r) that minimizes the energy of the interacting Bose gas subject to a normalisation constraint ensuring conservation of particle number N . Introducing a Lagrange parameter µ (Γ) N for this constraint the optimal orbital ψ (Γ) (r) is then found solving the Gross-Pitaevskii equation
Here, a S denotes the s-wave scattering length characterizing the repulsive two-particle contact interaction. In order that such a mean field description applies all tube size parameters w (Γ) a should be large compared to a s . For hollow tubes Γ ∈ {C, L, T } with hard walls ∂Γ the effect of the trap potential
will be taken into account in the following posing Dirichlet boundary value conditions at these walls:
In the numerical calculations we use scaled units:
2 defines the units of energy and L defines the units of length. In particular a S → a S /L and w
a /L for a ∈ {x, y, z}. In these units then
A. Two-Dimensional or Three-Dimensional Laplace Operator ?
As a first step, we consider the case N = 1. So we look for a solution of the Schrödinger eigenvalue problem
describing the stationary modes of a single particle of mass m moving inside a waveguide Γ ∈ {C, L, T } , see Fig. 1 . For a large tube height w
has a vanishing contribution in the ground state, so that the Laplace operator becomes effectively two-dimensional. Theoretical studies on guided matter waves in branching waveguides often assume explicitely such a planar geometry connected to a two-dimensional Laplace operator
∂y 2 , for example [17] , [18] , [19] , [20] , [21] , [22] , [24] , [27] . But a realistic thin film geometry cannot be described assuming a large thickness parameter w thickness (height) w z . For a single particle with mass m moving inside such a box, and obeying to Dirichlet boundary conditions at the walls, the energy levels are well known:
n x , n y , n z ∈ {1, 2, 3, ...}
In a realistic thin film there holds w z min (w x , w y ). If then the kinetic energy (respectively the temperature k B T ) of a particle is small compared to the level distance
nx,ny,nz=1 , the motion of the particle in the low-energy subspace n z = 1 may be considered effectively as two-dimensional, the associated energy eigenvalue of the particle being
denotes an eigenvalue of the twodimensional kinetic energy operator corresponding to a planar geometry (w z → ∞):
With increasing thickness of the film, i.e. for w z → ∞ , there holds then E
nx,ny,nz=1 → E
nx,ny . The relation (8) applies for a single ultra cold particle, N = 1. The GP-equation (3) being nonlinear for N > 1, the value obtained for µ (Γ) N (the chemical potential of the N -particle ground state of a BEC) in the limit of a planar geometry (w z → ∞) cannot be related to the value obtained for a finite thickness w z by a simple shift like in (8) . For this reason we treat in what follows the full three-dimensional problem.
II. LOCALISED SINGLE PARTICLE GROUND STATES AROUND BRANCHING ZONES IN
C, L AND T .
Because the arms A j of the waveguides Γ ∈ {C, L, T } all have a rectangular cross-section, see Fig.1 , the excitation threshold ε (Γ) xt of a massive particle moving inside those arms is readily identified:
The excitation threshold of a planar wave guide geometry C, as considered by Schult et al. [16] , corresponds to the limit w (C) z → ∞. Generally speaking, the spectrum of the kinetic energy operator H kin , when it acts on wave functions with a support identical to the cross shaped domain C, consists of two parts, the continuous spectrum, with associated propagating modes of infinite L 2 -norm that obey to the boundary conditions (5), but are extended over the entire QW, and the discrete (point-like) spectrum, with at least one localised eigenfunctions ψ (C) 0,γ (r) of finite L 2 -norm (2). A quantum particle with energy equal to the eigenvalue E (C) 0,γ of a localised eigenmode ψ (C) 0,γ (r) is trapped in the localisation region around the crossing zone A 0 , so it cannot propagate along the arms A 1 ,...,A 4 of the domain C.
The ground state mode ψ (C) 0 (r) of H kin not only solves (6) , but obeys to the normalization constraint (2) and fulfills the hard wall boundary condition (5) . The associated eigenvalue E (C) 0 of the ground state mode is below the excitation threshold ε (C) xt of the QW:
For the cross shaped waveguide C with its infinitely extended arms A 1 ,...,A 4 the normalization condition (2) cannot be fulfilled if the energy eigenvalue E (C) 0 of the particle was above the excitation threshold ε (C) xt . Remarkably, the continuous spectrum of the kinetic energy operator H kin may also contain embedded discrete eigenvalues E
xt , with associated eigenfunctions ψ (C) 0,γ (r) that are localised [16] , but display characteristic nodes along various symmetry planes of the domain C. Below we identify some of these embedded eigenstates ψ (C) 0,γ (r) of the Hamiltonian H kin as new ground states associated with the action of H kin being restricted to wavefunctions with a support equal to the waveguides L and T .
Starting at initial time τ 0 from an intial configuration ψ A l (r; τ 0 ) prescribed in the subdomains A l ⊂ C , we now calculate for j ∈ {0, 1, 2, 3, 4} intermediate configurations ψ Aj (r; τ n ) from the recursion [42] τ n+1 = τ n + ∆τ for n = 0, 1, 2, 3, ...
According to what has been stated in [42] , a normalized ground state mode ψ is then determined by the limit n → ∞ of this process:
Here, for r ∈A j and r ∈A l , the kernel functions K Aj ,A l (r, r ; ∆τ ) = r| e −∆τ H kin |r r∈Aj ,r ∈A l represent the various pieces of the short-time expansion of the imaginary time quantum propagator obeying to Dirichlet boundary value conditions at the walls ∂C of our waveguide. Explicit expressions for the kernel functions K Aj ,A l (r, r ; ∆τ ) for small ∆τ are listed in appendix B.
The short-time asymptotics of the associated quantum propagator at real time r| e −i∆tH kin |r r∈Aj ,r ∈A l actually describes an isotropic source of particles that emanate during time ∆t from the location r of the source at intial time t = 0 along classical trajectories to the endpoint r, possibly undergoing mirror reflection at the hard walls ∂C. The full quantum mechanics at later times t n = n∆t is recovered then by the superposition principle as represented by the Chapman-Kolmogorov identity (12) . For a thorough discussion why quantum motion of a massive particle for short times ∆t may indeed be considered as classical see [30] .
In the numerical calculations we represent the functions ψ A l (r ; τ n ) by the method of barycentric interpolation [29] , restricting the points r ∈ A j and r ∈ A l to a (non equidistant) Chebyshev tensor grid. The number of grid points, say in the arm A 1 , we chose N x × N y × N z = 40 × 20 × 20. As time step we chose ∆τ = 0.01 × ε L . The integrals with the kernel functions need then to be evaluated (with high accuracy) for fixed ∆τ and a fixed geometry with tube diameters w (C) a = 2L a just once, at the start of the iteration. Details of the analytical and numerical calculations can be found in [42] .
Symmetry Classification. The group of discrete symmetry operations leaving the cross shaped domain C invariant is the well known (abelian) point group D 2h . It consists of eight discrete symmetry operations, namely the identity id and the inversion operation I, the rotations C 2 (x), C 2 (y), C 2 (z) around the axes e x , e y , e z by an angle π, and the reflections σ (xy) , σ (xz), σ (yz) at the respective xy-, xz-and yz-symmetry planes. Therefore, because the kernel K(r, r ; ∆τ ) is invariant under all operations of the point group D 2h (applied simultaneously to r and r ), choosing an intial wave function ψ Being interested mainly in the ground state of the kinetic energy operator H kin , when the latter is restricted to operate on wave functions with a support equal to the domain C and obeying to Dirichlet boundary conditions at the walls ∂C, we restrict in the following to a subspace of eigenmodes that all are even under reflection at the symmetry plane z = 0, thus prohibiting for γ any other option but γ ∈ {A g , B 1g , B 2u , B 3u }. Also let us assume (without loss of generality) a restriction for the lateral tube diameters, w
The Ground State Modes in C , L and T . Depending on the choice of symmetry of the intial wave function ψ (in) γ (r) at the start, we find employing the iteration explained in [42] , besides the ground state ψ 0,γ belongs to the point spectrum of H kin , on the other hand it is embedded into the continuous spectrum of H kin comprising the stationary modes with infinite L 2 -norm propagating along the infinitely extended arms A j of the domain C.
In the case of A g -symmetry the localised mode 0,Ag (r) represents the highly symmetric ground state of a particle moving inside C.
In the case of B 1g -symmetry the localised eigenmode ψ (C) 0,B1g (r) has odd parity under the reflections σ (xz), σ (yz):
Clearly, the mode ψ
0,B1g (r) displays inside the domain C two nodal surfaces coinciding with the symmetry planes x = 0 and y = 0. In the limit of a large tube height w (C) z L and assuming tube widths w
0,B1g (r) was first obtained in [16] . However, a localised embedded mode ψ z . In the case of B 3u -symmetry the localised eigenmode ψ (C) 0,B3u (r) has odd parity under the reflection σ (yz), but has even parity under the reflection σ (xz):
The mode ψ z . The case of B 2u -symmetry is very similar to the case of B 3u -symmetry. Corresponding to a transposition of coordinate labels x and y it needs here no separate discussion.
Next we consider two subdomains of C, the T -shaped subdomain T , see Fig.1 , and the L-shaped subdomain L, see Fig.1 :
There holds L ⊂ T ⊂ C, the domain L forming a quarter and the domain T forming a half of the original cross shaped domain C. The respective tube diameters w (Γ) a are then connected:
This implies for the excitation thresholds ε
xt of the waveguides L and T according to (10) the property
Incidentally, if the localised embedded mode ψ
is restricted to the L-shaped subdomain L ⊂ C, it coincides with the ground state mode ψ (L) 0 (r) of the Hamiltonian H kin , granted the action of the operator H kin is restricted solely to wave functions with a support identical to L. By construction, the function
obeys at the walls ∂L of L to Dirichlet boundary value conditions, because both nodal planes of the mode ψ
0,B1g (r), namely x = 0 and y = 0, now also belong to the boundary ∂L of L, see Fig.1 .
0,B3u (r) is restricted to the T -shaped subdomain T ⊂ C, it coincides with the ground state ψ (T ) 0 (r) of the Hamiltonian H kin , granted the action of the operator H kin is restricted solely to wave functions with a support identical to T . The function (20) obeys at the walls ∂T of T to Dirichlet boundary value conditions, the nodal plane x = 0 now also belonging to the boundary ∂T , see Fig.1 . Inside T the mode ψ
xt . In Fig.2 we display the highly symmetric localised ground state ψ (C) 0 (r) of H kin for a particle moving inside C, for two sets of tube diameters w (C) a , restricting to the plane z = 0. The wave function ψ (C) 0 (r) takes on its maximum value at the center r M = (0, 0, 0) of the crossing zone A 0 , while it vanishes everywhere at the hard walls ∂C, and it decays exponentially along the axes of the arms A 1 ,...,A 4 .
In Fig.3 we display the localised ground state ψ of the corner zone of L, while it vanishes everywhere at the hard walls ∂L, and it decays exponentially along the axes directions e x and e y .
In Fig.4 we display the localised ground state ψ (T ) 0 (r) of H kin for a particle moving inside T , for two sets of tube diameters w (T ) a , restricting to the plane z = 0. The wave function ψ (T ) 0 (r) takes on its maximum value at the center of the branching zone of T , while it vanishes everywhere at the hard walls ∂T , and it decays exponentially along the axes directions e x and e y .
In Fig.5 we display for all three waveguides Γ ∈ {C, T , L} the eigenvalues E 
x . Both plots restrict to the plane z = 0. Length measured in units of L.
xt for the ground state ψ (L) 0 (r) for a symmetric cranked waveguide L with κ (L) = 1, in complete agreement with previous calculations [16] , [31] , [32] , [21] , [33] based on solving the two-dimensional Schrödinger eigenvalue problem with a variational collocation ansatz.
We find that the eigenvalue E (Γ) 0 of the ground state modes ψ (Γ) 0 (r) of a massive particle moving inside a realistic thin film or three-dimensional QW depends indeed strongly on the thickness parameter w z , because at a large distance to the respective branching zones of Γ the Schrödinger eigenvalue problem (6) is completely separable.
For an asymmetric crossing of two waveguides with different tube widths, assuming w 
is not too small, i.e. a localised ground state
denoting a characteristic lower bound of tube widths ratios. Choosing w
we obtain from our three-dimensional numerical calculations a value around κ On the other hand, for an asymmetric wave guide T a localised ground state ψ find from our three-dimensional numerical calculations a value around κ (T ) c 1.26 , see Fig.7 . Similar (equivalent) results for asymmetric (but planar) waveguides were recently obtained by Nazarov [34] , and independently by Amore et al. [32] using precise numerical collocation (using many grid points). Coupled waveguide geometries of finite extension may also display a high sensitivity of the localisation of the ground state mode to slight changes of the geometrical shape [28] , [35] .
A possible physical explanation why for a single particle a localised ground state ceases to exist around the
c , and likewise ceases to exist around the branching zone in T for κ for constant tube height w
1.26 no localised ground state ψ 
III. REASON FOR NON STANDARD TRAPPING AROUND BRANCHING ZONES IN QUANTUM WAVEGUIDES
Besides bouncing back and forth from the hard walls a classical particle senses no extra force when it moves, say along the tube axis e y , inside the cross shaped waveguide C. The question is then, why in quantum mechanics the ground state ψ (C) 0 (r) of a particle moving inside C is always localised around the crossing zone A 0 ⊂ C with an eigenvalue E (C) 0 below the excitation threshold ε (C) xt . The key observation to answer this question is, that far from the crossing zone A 0 , say deep inside the arms A 2 and A 4 , the Schrödinger eigenvalue problem is separable, so that ψ
we see that (6) is equivalent to a one-dimensional Schrödinger eigenvalue problem
, but with an effective potential V (C) ⊥ (y) generated by the transversal kinetic energy,
, as the coordinate y runs along the tube axis e y .
A. Non Standard Trapping in C.
For example, consider equal tube diameters w
. Then a rather accurate fit to the spatial variation of the transversal part ψ 
Here, the length λ is equal to the numerically determined localisation length of the three-dimensional ground state wave function ψ (C) 0 (r) for a single particle, see Fig.2 . As can be seen in Fig.8 , the effective potential V (C) ⊥ (y) calculated from (23) takes on the form of a onedimensional box-shaped potential as one traverses the crossing zone A 0 ⊂ C along the tube axis e y :
, with ε
⊥,0 ≥ 0 denoting here the excitation threshold in the arms A 2 , A 4 . Actually there holds ε
⊥,0 for arbitrary cross shaped waveguides C, so the potential V (C) B (y) is always attractive and has therefore a finite binding strength (scaled units) The existence of a bound state with even parity localised inside the box |y| < L is then granted (see any standard text on Quantum Mechanics, e.g. [36] ). So it is the rapid change of the transversal kinetic energy that occurs in our waveguide system around the crossing zone A 0 ⊂ C , see Figure (1) , that provides the physical mechanism for trapping a quantum particle of mass m in that region. Via the excitation threshold ε (C) xt , see 10, the strength of this unconventional trapping force is not only dependent on the respective tube sizes w (C) a , but also dependent on mass, a lighter particle thus experiencing a stronger trapping force than a heavier one! Because for an attractive one-dimensional box-shaped potential V 
The associated normalised bound state wave function φ (C) 0 (y) is then (see any standard text on Quantum Mechanics, for example [36] ):
This formula provides for |y| >> L the asymptotic behaviour of the ground state φ 
In order that such a toy model actually makes sense it is mandatory that λ > L , where w The cranked L-shaped waveguide L displayed in Fig.1 may be considered as a subdomain (one quarter) of the crossing geometry C. To keep the notation compatible with the one employed to describe the original waveguide C, the height of the tubes comprising L is denoted as w (L) z = 2L z , while the lateral widths of the tubes with axis e y and e x , respectively, are denoted as
Traversing the domain L, say parallel to the tube axis e x , see Fig.1 , there results in analogy to the previous consideration for the domain C an effective one-dimensional Schrödinger eigenvalue problem
Here, the support of φ
0 (x) is restricted to the half line x > 0 with the effective one-dimensional potential, see (23) , now describing the drop in the transversal kinetic energy around the corner of L :
xt describes the effect, that the transversal kinetic energy may assume a finite value inside the central region A 0 , possibly also depending on the tube size parameters w ⊥ (x) on the half line 0 < x < ∞ is equivalent to looking for the lowest lying eigenstate with odd parity for an attractive one-dimensional box-shaped potential V (C) ⊥ (x) of the type (24) extended along the full real axis −∞ < x < ∞. As is well known, the existence of a localised eigenstate with odd parity for an attractive box-shaped potential like V 
(see any standard text on Quantum Mechanics, for example [36] ). It is clear from what has been said, that there exists no localised ground state around the corner of a quantum waveguide L if its tube widths ratio
c , in agreement with results obtained from the full three-dimensional numerical calculations presented in Fig.7 . As the ratio κ Traversing the waveguide T along the tube axis e y , see Fig.1 , the effective one-dimensional potential associated with the drop in the transversal kinetic energy around the braching zone may be described by a potential
2 , y vs. y similar to the one displayed in Fig.8 for the waveguide C. But traversing T along the tube axis e x the corresponding effective po-
vs. x is similar to the one displayed in Fig.9 To find the optimal GP-orbital ψ (C) (r) determining the Hartree ground state (1) of an interacting BEC confined around the crossing zone of the waveguide C we need to solve the Gross-Pitaevskii equation (3) . To construct a suitable splitting scheme we consider an auxiliary diffusion process:
However, because the amplitude of the auxiliary wave function ψ(r, τ ) decays exponentially with diffusion time τ as the diffusion process progresses the interaction term neeeds explicit normalization [37] :
Apparently, for large diffusion time τ then U ψ (r, τ ) becomes independent on τ . The seeked localised GP-orbital is thus given by
In sharp contrast to the behaviour in a harmonic trap, now the kinetic energy in the localised Hartree ground of a BEC, that is confined around the crossing zone A 0 of C by the described non standard trapping force, dominates over the interaction energy even for a large particle number N . To solve for a large particle number N the Gross-Pitaevskii equation (3) accurately, a specially tailored splitting scheme is useful as described in the appendix A. The update rule that determines ψ(r, τ n+1 ) from a given ψ(r, τ n ) for a short diffusion time interval ∆τ consists of the following five steps:
Here the kernel K(r, r , ∆τ 2 ) is associated with the kinetic energy operator H kin of a single particle moving inside C and obeying to Dirichlet boundary value conditions at the walls ∂C of that waveguide, see appendix B. It acts on the functions ψ (IV ) (r , τ n ) and ψ (II) (r , τ n ) as described in the previous section II.
In the numerical calculations with the proposed splitting scheme we chose ∆τ = 0.01 × ε L . The obtained results clearly show, that the optimal GP-orbital is indeed localised around the crossing zone A 0 , provided has the meaning of the maximal number of particles that can be trapped in the localised Hartree ground state by the described non standard confinement mechanism. In particular, like in the case N = 1, there exist localised GP-orbitals ψ γ (r) displaying different discrete symmetries γ ∈ {A g , B 1g , B 2u , B 3u }.
Not unexpectedly, the Hartree ground state (1) with the lowest energy in the waveguide system C is buildt from the orbital ψ (C) (r) ≡ ψ Ag (r) , which orbital is nodeless in C. Like in the single particle case, the optimal GP-orbital ψ (C) (r) is localised around the origin r = 0 of the crossing zone A 0 ⊂ C, but the exponential decay of ψ (C) (r) with increasing distance to the crossing zone is slower for higher particle numbers N , see Fig.10 .
A similar behaviour is also found for the other localised GP-orbitals ψ γ (r) with symmetry representation γ ∈ {B 1g , B 3u }, corresponding to the localised GPorbitals ψ (L) (r) and ψ (T ) (r) comprising the localised BEC ground states around the branching zones of the quantum waveguides L and T , respectively. In Fig.11 , Fig.12, Fig.13 we show for the waveguides L and T the profiles of the localised GP-orbitals ψ (L) (r) and ψ (T ) (r)
, where N (Γ) c denotes a critical particle number associated with the respective waveguide geometries Γ ∈ {C, L, T }, a localised GP-orbital ψ (Γ) (r) ceases to exist. For the determination of the optimal orbital ψ (Γ) (r) and the associated chemical potential µ 
increases.
Once the (normalized!) optimal GP-orbital ψ (Γ) (r) has been found for the respective waveguide geometries Γ ∈ {C, L, T }, it follows directly from (3) by taking a scalar product with the adjoint orbital ψ (Γ) (r) † an explicit expression for the Lagrange parameter µ
Here
and
, respectively, denote the interaction energy and the kinetic energy of the N -particle Hartree ground state (1) associated with ψ (Γ) (r). With 
denoting the total energy of the respective N -particle Hartree ground states (1) there holds as an identity
So it is manifest that the Lagrange parameter µ
N has the physical meaning of the chemical potential in the ground state of a BEC.
In (15) we plot for the Hartree ground state of a BEC localised around the crossing zone inside C the ratio of the interaction energy E (C) int to the kinetic E (C) kin energy vs. particle number N . The plot clearly indicates, that such a BEC is dominated by its kinetic energy, so that the profile of the particle density cannot be described by the Thomas-Fermi approximation. A similar behaviour we find for the waveguides L and T . This finding is in sharp contrast to an interacting cold Bose gas confined in a harmonic trap, where the kinetic energy compared to the interaction energy becomes negligible small for large N proportional to N and e y of Γ, are given by
a ∈ {x, y} , where r M denotes a suitable reference position, say where the modulus ψ (Γ) (r) attains its maximum, see also Fig.10, Fig.11, Fig.12, Fig.13 . As a rule the arms of Γ ∈ {C, L, T } with a narrower lateral diameter are associated with a shorter localisation length.
In Fig.17 . The green curves refer to a symmetric choice κ (Γ) = 1 assuming w
= L and tube heights w xt . In Fig.18 we plot the square root ε for the cross shaped geometry C (blue line), T -shaped geometry T (green line) and L-shaped geometry L (red line). Choice of tube width parameters: w [38] . Though for (anharmonic) shallow atom trap potentials there also exists a critical particle number N c , only small deviations to the scaling µ N ∝ N 2 5 have been reported [41] . For comparison we show in Fig. 16 the function √ µ N =Nc − µ N as obtained for shallow conservative trap potentials [41] , and also for a harmonic trap of finite depth. It is clearly visible, that the described non standard trapping around a crossing or branching zone of a QW with regard to the 
vs. normalized particle numbers N/Nc for chemical potential µN corresponding to: (i) a shallow conservative trap potential as considered in Ref. [41] (blue line), (ii) a harmonic trap potential of finite depth (green line), (iii) the non standard trapping around the crossing of a QW (red line). The particle number Nc denotes the maximum number of particles in the respective traps.
dependence on particle number N noticeably differs from results obtained for conservative trap potentials.
In Fig.19 we display the effect interactions have on the localisation length 1/λ , and (iii) around the branching zone of the waveguide T only in the interval κ
c,2 (N ). We find all the lower bounds κ The observed scaling laws for the localisation lengths λ (Γ) N,a (see Fig. 17 ) and the non standard scaling law of the chemical potential µ (Γ) N vs. particle number N (see Fig.  18 ), as obtained from our full three-dimensional numerical calculations, can be explained in terms of analytical results derived from a simple toy model that we discuss in section V.
V. SCALING LAWS FOR LOCALISATION LENGTH AND CHEMICAL POTENTIAL VS. PARTICLE NUMBER N FROM A TOY MODEL.
When a single atom traverses the crossing zone A 0 of size 2L of the waveguide C its transversal kinetic energy undergoes a sudden drop. As shown already in section III for a single particle, see also [26] , the influence of this sudden drop on the asymptotic decay of the ground along the respective tube axes ex and ey vs. particle number N of the Hartree ground state of a BEC localised around the crossing or branching zone of three prototype waveguides Γ ∈ {C, L, T }. All plots refer to a tube height w (Γ) z = 2L. All green lines (S) correspond to a symmetric choice of lateral tube diameters w
x , all red lines (A) correspond to an asymmetric choice w
x . In all plots L denotes the unit of length. state can be modelled by an attractive delta-function potential − 2 λ δ(x) , corresponding to a localisation length λ > L. Such a delta-function potential is equivalent to a jump condition for the first derivative of the wave function taken at x = 0: x , all red lines (A) correspond to an asymmetric choice w
x . In all plots εL denotes the unit of energy.
The Gross Pitaevskii equation (3) determining the Nparticle Hartree ground state (1) of a BEC in terms of the optimal GP-orbital ψ (C) (r) can be projected at large distance x to the crossing zone A 0 to one dimension making the separation ansatz
The function φ N (x) in this case solves a one-dimensional non linear Schrödinger equation (scaled units): Tube height is for all plots w (Γ) z = 2L, lateral tube widths are w
In all plots L denotes the unit of length.
Here g s describes the strength of the effective repulsive two-body interaction potential (as projected to onedimension), and µ N is the chemical potential ensuring the usual normalization constraint of the GP-orbital.
To solve this differential equation we make an ansatz for φ(x) depending on three parameters, the amplitude A N , the localisation length λ N > 0 and a shift parameter
This ansatz solves (44) and the boundary condition (43), provided
The amplitude A N is fixed by the usual wavefunction normalization. Apparently, for N → 1 there holds λ N → λ + 0. In this limit, A N and the parameter ratio s N λ N both display a singularity, so that the expression obtained for φ N =1 (x) coincides with the wavefunction (27) of a single particle.
As the particle number N (per cross section area w y × w z ) increases it is seen from Eq.(46) that the localisation length λ N increases, and it diverges as N approaches a critical particel number N c given by
This critical particle number N c , depending on the localisation length λ for one particle and the effective interaction strength g s for two particles, determines the maximal capacity of a localised BEC ground state build from the respective optimal GP-orbitals to bind Boseatoms around a crossing or branching zone of quantum waveguides. For N > N c a localised solution for the ground state orbital ceases to exist. As the described localisation-delocalisation quantum transition is sharp, it should be possible to determine in an experiment that critical particle number N c rather precisely. Elimination of the interaction constant g s in terms of the observable critical particle number N c leads to the following scaling law of the localisation length λ N of the optimal GP-orbital:
In the range 1 ≤ N < N c we obtain then for the chemical potential µ N the expression (scaled units)
At the critical particle number N = N c the chemical potential assumes the value µ N =Nc = ε xt . Overall we find, that the dependence on particle number N of the inverse localisation length 1/λ (C) N , and the dependence on particle number N of the function ε
N , as numerically calculated solving the full three-dimensional GP-equation and displayed in Fig.17 and in Fig.18 (the green curves correspond to equal lateral tube diameters w The chemical potential µ N of a system of N interacting Bose atoms is connected to the ground state energy E (N ) by
Solving this difference equation for E (N ) assuming N ≥ 2 gives
The energy E (N ) should be observable as the release energy of the system, say switching off the lasers creating the 'walls' of an hollow optical waveguide. In the noninteracting (ideal) Bose gas there holds N c → ∞ , so that one finds the expected result
It is instructive to express for the N -particle BEC ground state (1) the expectation values of the kinetic energy (38) and the interaction energy (37) in terms of the chemical potential µ N and the total energy E (N ). Making use of the general relations
In our three-dimensional numerical calculations reported in the previous section for the crossing waveguide C we found this ratio assumes for all tube size parameters w (C) z > 0 a value substantially smaller than unity. This finding is confirmed quantitatively by our 1D-toy model inserting the ground state energy (51) into the expressions (53). For a large particle number N 1, which according to Fig. (14) corresponds to a choice w (C) z L, one finds E int (N c ) ≤ 0.15×E kin (N c ) , in good agreement with the results displayed in Fig.15 . Thus it is evident that for the localised Hartree ground state around the crossing zone of the quantum waveguide C the ThomasFermi approximation does not apply. This is in sharp contrast to the N -particle ground state of a BEC that forms in a harmonic trap [38] , where for N 1 the interaction energy is large compared to the kinetic energy, so that the density profile of such a BEC is well reproduced by the Thomas-Fermi approximation.
VI. BINARY MIXTURE OF COLD BOSE ATOMS IN C.
The previously described non standard trapping mechanism for cold particles moving around the crossing zone of a waveguide C is kinetic energy driven. It is then interesting to study a binary BEC consisting of two different species of Bose atoms, say with mass m A > m B . The associated two-particle contact interaction parameters of the atoms (using obvious notation for the respective swave scattering lengths) we denote as
, see for example [38] . Let then N A be the number of Bose atoms of type A , and N B = N − N A be the number of Bose atoms of type B. Within mean field theory the ground state of such a binary BEC is then a generalization of the Hartree ground state describing a single atom species Bose condensate:
The task is then to find the optimal Hartree orbitals ψ A (r) and ψ B (r), that minimize the expectation value of the Hamiltonian of the interacting Bose gas mixture in that ground state, subject to the constraint that the number of particles, N A and N B respectively, are both conserved. This constraint engenders for ψ A (r) and ψ B (r) the normalization conditions
It is not required that the optimal orbitals ψ A (r) and ψ B (r) are orthogonal. Introducing Lagrange parameters µ A and µ A for these normalization constraints (56), the respective optimal orbitals are solutions to the following 2 × 2-system of coupled Hartree equations
Here H A,kin and H B,kin denote the kinetic energy operators associated with a single A-or B-atom, respectively:
It follows, that lighter atoms moving along the armes A j ⊂ C have a higher excitation threshold (10) than the heavier ones:
To solve the coupled equations (57) we consider (like in the afore mentioned case of an interacting Bose gas consisting of only one atom species) a suitable auxiliary diffusion process. Introducing 2 × 2-matrix notation we write
where
Because the amplitude of the auxiliary wave functions ψ A (r, τ ) and ψ B (r, τ ) decay exponentially with diffusion time τ as the diffusion process progresses the interaction term neeeds explicit normalization:
Apparently, for large diffusion time τ then U ψ (r, τ ) becomes independent on τ . The seeked optimal Hartree orbitals are given by
In practice, the (normalized!) Hartree orbitals are calculated as numerical solutions to the system of diffusion equations (60) extending the afore mentioned splitting scheme (35) to the case of a two component spinor, as indicated in (61). One obtains directly from (57), by taking a scalar product with ψ A (r) in the first line, and with ψ B (r) in the second line, explicit expressions for the Lagrange parameters µ A and µ B depending on the interaction strengths g AA , g AB , g BB and the particle numbers N A and N B :
We readily confirm the identity
, where
denotes the kinetic energy, respectively the interaction energy in the N -particle binary BEC ground state (55). With the total energy the system has,
, and with µ A and µ B as stated in (64), there follows as an identity
Because atoms species A and B are distinguishable, there exist two different chemical potentials in a binary mixture.
The localisation lengths λ A and λ B for the two atom species A and B, respectively, follow from the asymptotic decay of the respective Hartree orbitals ψ A (r) and ψ B (r), see (41) . These localisation lengths depend not only on the choice of interaction strength parameters (54), but also on the lateral tube diameters of the joining waveguides, and of course on the mixing ratio N A N B of particle numbers N A and N B .
We discuss now the results obtained for a cross shaped waveguide geometry C with equal tube sizes w 3. 78 ). The interaction strength parameters (54) for this sytem we take from [39] , g AA : g AB : g BB = 1 : 1.7 : 2. Calculating the optimal Hartree orbitals ψ A (r) and ψ B (r) with this set of interaction parameters we find, see Fig.22 and in particular Fig.20 , that the orbitals associated with the heavier A-atoms display a longer localisation length than those of the lighter B-atoms, as the total particle number
. When a pair of critical particle numbers N c,A , N c,B is reached in this process, see It should be pointed out that for binary mixtures of Bose atoms confined in standard conservative atom trap potentials, well known stability criteria [38] describe possible coexistence and also segregation of phases dependent on the interaction parameters g AA , g AB , g BB . However, such criteria are not directly applicable to the above described sudden demixing transition, because around the branching or crossing zone of a QW the kinetic energy of a localised binary BEC dominates by far the in-teraction energy, so that the Thomas-Fermi approximation is false. For instance, if one adds a small number N A N B of A-atoms to a cloud of B-atoms confined in a standard conservative atom trap potential, the Aatoms either reside at the surface formed by the B-atom cloud, or are positioned deep inside of the B-atom cloud , depending on the interaction strengths 54. Our calculations of atom density profiles n A (r) = N A |ψ A (r)| 2 and n B (r) = N B |ψ B (r)| 2 , see for example Fig.22 , indicate for a wide range of interaction parameters, that this scenario does not apply for cold Bose atoms trapped around the branching zone or crossing of a QW.
VII. CONCLUSIONS
We have studied (within the range of validity of mean field theory) localised matter wave ground states of cold Bose atoms for different prototypes of quantum waveguides with broken translational symmetry: i) a waveguide system C akin to the shape of a swiss cross, ii) a waveguide L in the guise of a cranked L with a rectangular corner, iii) a T -shaped waveguide T consisting of three branching arms, see Fig.1 . The associated trapping mechanism is non standard, because the force confining the particles around the branching zone or crossing of waveguides cannot be derived from a potential.
Based on an analytic expression, that approximates for small propagation times ∆τ the quantum propagator of a single particle at imaginary time, we solved numerically the three-dimensional Gross-Pitaevskii equation inside those quantum waveguides using a suitable splitting scheme, and found depending on the choice of the ratio κ (Γ) of lateral tube widths, for fixed particle number N , various localised Hartree ground states describing non standard trapping of cold interacting Bose atoms. The kernel representing the imaginary time quantum propagator implemented into the algorithm obeys by construction the Dirichlet boundary conditions at the walls ∂Γ of the associated waveguides Γ ∈ {C, L, T } exactly.
Observing, that the transversal kinetic energy of a particle undergoes a rapid drop, when it traverses along a straight line the branching zone of the respective arms inside the waveguides Γ, we suggested an explanation for the existence of a localised ground state in section III. We also discussed the non existence of localised states in the waveguides Γ for too small, respectively too large, lateral tube widths ratios κ (Γ) , see Fig.7 and Fig.19 . Analytical scaling laws obtained in section V for the dependence on N of the localisation length λ N and the chemical potential µ N agree very well with the results of the threedimensional numerical calculations. We found that the kinetic energy of a BEC confined by this non standard trapping mechanism is by a factor seven(!) larger than the interaction energy, see Fig.15 , so that the density profile of a BEC trapped around the branching or crossing zone of waveguides, see for example Fig.10 and Fig.22 tion.
For the case of a binary mixture of two different Bose atom species A and B we observed non standard trapping of both atom species for subcritical particle numbers N A and N B around the branching or crossing zone of quantum waveguides. A sudden demixing quantum transition takes place at a critical particle number N = N c,A +N c,B as the total particle number N = N A + N B is increased at fixed mixing ratio N A /N B , see Fig. 20 . Depending on the mass ratio m A /m B the heavier atom species delocalises first for a wide range of interaction parameters. We found that in this case the dominant energy is not the interaction energy, but the kinetic energy of the atoms. This feature could perhaps be used to seperate isotopes.
Finally we mention, that the choice of a hard wall boundary condition (5) at the walls ∂Γ of our waveguides Γ ∈ {C, L, T } serves in our calculations just as a convenient model. Choosing more general Robin boundary conditions (with a positive slip length), or replacing the walls of the tubes by a steep harmonic potential (which should be more appropriate to describe confinement generated by optical dipole forces) in no way changes qualitatively any of the above described localisation phenomena of cold matter waves around the branching or crossing zones of quantum waveguides.
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Appendix A
The Magnus expansion theorem states for the product of the exponential of two linear operatorsÂ andB [40] eÂ • eB = eÂ 
